4 + hB 4 = C 4 + hD 4 , where h is a fixed arbitrary positive integer, has been investigated by some authors. Currently, by computer search, the integer solutions of this equation are known for all positive integer values of h ≤ 5000 and A, B, C, D ≤ 100000, except for some numbers, while a solution of this Diophantine equation is not known for arbitrary positive integer values of h. Gerardin and Piezas found solutions of this equation when h is given by polynomials of degrees 5 and 2 respectively. Also Choudhry presented some new solutions of this equation when h is given by polynomials of degrees 2, 3, and 4.
Introduction
The Diophantine equation (DE) (1.1)
where h is a fixed arbitrary positive integer, has been investigated by some authors.
The numerical solutions for 75 integer values of h ≤ 101 was given by Choudhry [A.C] . Then these solutions were first extended by Piezas [T.P] for all positive integer values of h ≤ 101, and finally by Tomita [S.T] for all positive integer values of h ≤ 1000 except h = 967. The lost solution for h = 967 was supplied by Bremner. Currently, by computer search, the small solutions of this DE are known for all positive integers h ≤ 5000, and A, B, C, D ≤ 100000 except for h = 1198, 1787, 1987, 2459, 2572, 2711, 2797, 2971, 3086, 3193, 3307, 3319, 3334, 3347, 3571, 3622, 3623, 3628, 3644, 3646, 3742, 3814, 3818, 3851, 3868, 3907, 3943, 3980, 4003, 4006, 4007, 4051, 4054, 4099, 4231, 4252, 4358, 4406, 4414, 4418, 4478, 4519, 4574, 4583, 4630, 4643, 4684, 4870, 4955, 4999. We will work out some of these cases.
Gerardin and Piezas found solutions of this equation when h is given by polynomials of degrees 5, and 2, respectively, see [T.P] and [S.T] . Also Choudhry presented several new solutions of this equation when h is given by polynomials of degrees 2, 3, and 4, see [A.C2] .
In this paper, we used elliptic curves theory to study the DE (1.1).
The first method for solving the DE
Our main result in this section is the following:
Main Theorem 2.1. Consider the DE (1.1), where h is a fixed arbitrary rational number. Then there exists a cubic elliptic curve of the form Proof 2.1. Let: A = m − q, B = m + p, C = m + q, and D = m − p, where all variables are rational numbers. By substituting these variables in the DE (1.1) we get
Then after some simplifications and clearing the case m = 0 we obtain
We may assume that hp − q = 1 and m 2 = −hp 3 + q 3 .
By plugging q = hp − 1 into the equation (2.2) and some simplifications we obtain the equation
By multiplying both sides of this equation in (h 3 − h) 2 and letting
we get the elliptic curve
By Letting X = Z + h 2 in (2.5), we get the simple elliptic curve
If for a given h, the above elliptic curve E(h) or its counterpart E(h) t resulting from E(h) by switching h to ht 4 has positive rank, then by calculating m, p, q, A, B, C, D, from the relations (2.4), q = hp − 1, A = m − q, B = m + p, C = m + q, D = m − p, after some simplifications and canceling the denominators of A, B, C, D, we obtain infinitely many integer solutions for the DE (1.1). Now the proof of the main theorem is completed.
Although, we were able to find an appropriate t such that E(h) t has positive rank in the case of rank zero E(h) for many values of h, the proof for arbitrary h seems to be difficult at this point. For this reason, we state it as a conjecture.
Conjecture 2.2. Let h be an arbitrary fixed rational number. Then there exists at least a rational number t such that the rank of the elliptic curve
is positive. 
we get another elliptic curve
, then the elliptic curve (2.9), transforms to the elliptic curve (2.5). This means that two elliptic curves (2.9) and (2.5) are isomorphic.
Application to examples
3.1. Example:
i.e., sums of two biquadrates in two different ways.
Rank=1.
Generator: P = (X, Y ) = (340, 680). ). .
Rank=1
.
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Rank=1
). In this section, we wish to look at the equation from a different perspective.
To this end we take X = Z 2 + h 2 (2.5) to get the six degree curve
This curve can be considered as an quatic elliptic curve of (h, Y ) letting Z as a parameter, i.e.,
Next we use theorem 2.17. of [L.W] to transform this quartic to a cubic elliptic curve of the form
with the inverse transformation
Now by taking an appropriate rational value for Z such that the rank of the elliptic curve (4.3) is positive, we obtain an infinitely many rational points on (4.3) and consequently an infinite set of rational values for h (also for Y )), which is denoted by H(Z) . Then for every h obtained in this way, we can find a solution for the (2.5) and finally a solution for the main DE by using all the necessary transformations namely
To get infinitely many solutions one can use the Richmond method [H.R] .
The following examples clarify this idea better , · · · }. , · · · }. , · · · }.
Having seen the examples, the natural question arises: Does the set of natural numbers N contained in t∈Q * t 4 ( Z∈Ω H(Z))?,
where Ω = {Z ∈ Q | E ′ (Z) has positive rank}. We state this as the second conjecture:
Conjecture 4.1. With the above notations one has N ⊂ t∈Q * t 4 ( Z∈Ω H(Z)).
Application to examples
Now we are going to work out some examples. Let: A = m − q, B = m + p, C = m + q, and, D = m − p, where all variables are rational numbers. By substituting these variables in the DE (1.1), and some simplification, we get
We may assume that
By substituting p = m 2 + q 2 , in the relation h = q m 2 +p 2 , we get:
Then using the reciprocal of h, we conclude that
the DE (1.1) has a parametric solution:
Remark 5. The above example provides parametric solutions for the DE (1.1) when h is given by polynomials of the degrees 3, and 4 as follows.
If we let 2q = p, this recovers the third and the second parametric solutions of the 
q = 2, m = 2k; h = 8k 4 + 18k 2 + 8; Example 6.8. By taking Z = h 2 + 1, in the elliptic curve (2.6) (or X = 2h 2 + 1 in the (2.5)), we get (6.6) Y 2 = h 6 − h 4 − h 2 + 1 = (h 2 − 1)(h 4 − 1) = (h 2 − 1) 2 (h 2 + 1).
letting h 2 + 1 = t 2 , yields h = r 2 −1 2r
and t = −(r 2 +1) 2r
, then we get Y = (h 2 − 1)(−t) = (r 6 −5r 4 −5r 2 +1) 8r 3
, and X = r 4 +1 2r 2 .
Finally by calculating m, p, q, A, B, C, D, from the above relations, we obtain the parametric solution as follows: h = 8r 3 (r 2 − 1),
